Introduction
The purpose of this note is to show that some of the recent results of Mariño, Moore, and Peradze [18] , [17] can be understood in a simple and direct way via a mechanism pointed out in [2] , [4] , [6] , using the PU(2)-monopole cobordism of Pidstrigach and Tyurin [20] .
Throughout this paper, let X denote an oriented smooth four-manifold with b We recall that a four-manifold X is said to be of SW-simple type if for all s ∈ S, c 1 (s) 2 = 2χ(X) + 3σ(X). (1. 3)
The examples of Fintushel and Stern [13] imply that the bound in Theorem 1.1 is sharp: for every point along the line c(X) = constant ≥ 2 in the (c The vanishing condition in the conclusion of Theorem 1.1 is the statement that X has "superconformal simple type" in the terminology of [18] , where it is further conjectured (Conjecture 7.8.1) that all four-manifolds of SW-simple type have this property. Theorem 1.1 therefore reduces the conjecture of [18] for abundant manifolds to the technical Conjecture 3.1. The latter conjecture is the assertion that ideal Seiberg-Witten moduli spaces M sw s × Sym (X) in any stratum of the compactified moduli space of PU (2) 
, and a universal function of χ(X) and σ(X); the polynomial degree depends on and the degree of the Donaldson invariant. (In the paragraph following the statement of this conjecture in §3.1 we give an informal explanation of why Conjecture 3.1 should hold and in the last paragraphs of §3.1 and §3.2, we explain the role of the conjecture in the proof of Theorem 1.1.) The work of the first and third authors ( [3] , [4] , [5] , [6] , [2] , [1] , [8] , [9] , [7] ) goes a long way towards a proof of [2, Conjecture 4.1] and, in particular, Conjecture 3.1. If Conjecture 3.1 is not assumed, a somewhat weaker result with a correction term can still be deduced from those papers; the correction depends on the maximum dimension of the non-empty Seiberg-Witten moduli spaces -see §3 for more details. The abundance condition is used to construct the right PU(2)-monopole setup and is not the most general condition under which the theorem can be proved; see the discussion after Lemma 2.2.
If one assumes Witten's [21] conjectured formula (2.2) relating the SeibergWitten invariants for manifolds of simple type and the Donaldson invariants, the conclusion of Theorem 1.1 is equivalent to a vanishing theorem for the Donaldson invariants through certain degrees. A restricted version of Witten's conjecture -see Theorem 2.1 below -is proved in [4] , [5] , [6] . In fact this theorem implies many different relations between the Donaldson and Seiberg-Witten invariants and will be used here in two ways: to prove the vanishing result for Donaldson invariants, Theorem 1.3 below, and to deduce Theorem 1.1, most cases of which follow from Theorem 1.3 and the restricted version of Witten's conjecture. 
In particular a point x ∈ X gives a distinguished generator still called x in A(X) of degree four. For any choice of w ∈ H 2 (X; Z) there is a corresponding Donaldson invariant which is now a linear function D
and is defined by evaluating cohomology classes corresponding to elements of A(X) on instanton moduli spaces of SO(3)-bundles P with w 2 (P ) ≡ w (mod 2), w determining the orientation of the moduli spaces using Donaldson's conventions [16, §2(ii) ]. If w ≡ w (mod 2) we have
A four-manifold has KM-simple type if for all z ∈ A(X) we have
. It is known that if this relation holds for one w, it holds for all w. For manifolds of KM-simple type one introduces the formal power series in a variable h ∈ H 2 (X),
By Equation (2.1) the series D w X is an even function if
and is odd otherwise. Notice that SW w X has the same property since
In addition if w ≡ w (mod 2) then 
Witten's conjecture [21] relating the Donaldson and Seiberg-Witten invariants of manifolds of simple type says that
While a complete, mathematically rigorous proof of Witten's conjecture has not yet been obtained, a possible approach using a PU(2)-monopole cobordism was proposed by Pidstrigach and Tyurin [20] . By employing the PU(2)-monopole cobordism, the first and third author [4] , [5] , [6] proved relations between these invariants which we restate here in somewhat restricted form. To state their results define for Λ ∈ H 2 (X; Z),
This number keeps track of the depth in the Uhlenbeck compactification of the PU(2)-moduli space that reducibles appear in terms of the degree of the corresponding Donaldson invariant when X has SW-simple type. Also define
This number keeps track of the index of the Dirac operator for the PU(2)-moduli space in terms of the degree of the corresponding Donaldson invariant. If we assume Conjecture 3.1 the results of [4] , [5] , [6] [6] and the derivation of Theorem 2.1 from it are explained in §3. The mechanism underlying the vanishing result in Equation (2.5) was pointed out in [4] : see, for example, Theorem 5.33 and the paragraph following Equation (7.2). The fact that the PU(2)-monopole The marked points are the lattice points with 2δ ≡ −2w
. We have drawn the case in which w 2 − σ(X) is zero mod 4, so that the intersection of the two lines is one of the marked lattice points (because 2c(X) always satisfies the condition (2.1)). In the case that w is characteristic, Λ 2 is constrained to be 0 mod 8 (the white dots); we have drawn the case that −(χ(X) + σ(X)) is 0 mod 8 also.
Thus we see that in order to apply with Λ 0 ≡ Λ 1 (mod 2) so that:
There is also a class Λ ∈ 2B ⊥ with
Proof. Since X is abundant we can find e 1 , e 2 ∈ B ⊥ so that e 1 ·e 1 = e 2 ·e 2 = 0 and
. Then Λ 0 = 2e 1 −he 2 and Λ 1 = 2e 1 +(1−h)e 2 will do. If h ≡ 0 (mod 2) then taking Λ = Λ 0 proves the second assertion and if h ≡ 1 (mod 2) taking Λ = Λ 1 proves the second assertion.
There are non-abundant four-manifolds: for example, some of the fake K3-surfaces of [14] fail to be abundant. If log transforms are performed on tori in three distinct nuclei then the intersection form on B ⊥ is a degenerate form with three-dimensional radical and having an −E 8 ⊕−E 8 summand. These manifolds however satisfy the conclusion of Lemma 2.2. On the other hand one can show that a simply connected minimal surface of general type is abundant.
Here is the proof of Theorem 1.1 of the introduction. 
. Putting all this together implies that the Taylor coefficients at the origin of the analytic function 
(χ(X)+σ(X)) ≡ 0 (mod 8) find Λ ∈ 2B
⊥ so that
Then i(Λ) = r(Λ) = c(X)
and so for any d ≤ c(X) − 4 we can use Equation (2.5) to conclude By the hypothesis of Theorem 2.1, we are given a class w ∈ H 2 (X; Z): recall from Equation ( (χ + σ) (mod 4). As there is no loss in assuming this, let p ∈ Z be determined by the equation
While for d = c(X) − 4 Equation (2.6) applies to give
D w X (h d−2m x m ) = 2 1− 1 2 (c(X)+d) (−1) m+ 1 2 Λ 2 −Λ·w × s∈S (−1)
Notice that it is only the case −(χ(X)+σ(X)) ≡ 4 (mod 8) and d = c(X)
, and define a Hermitian, rank-two vector bundle E over X by requiring that c 1 (E) = w and c 2 
The hypotheses of Theorem 2.1 also provide us with a class Λ ∈ H 2 (X; Z). We therefore fix a spin c structure
Any other spin c structure s on X defines a class in H 2 (X; Z) and a Hermitian line bundle L 1 over X such that c 1 ρ) . Hence, the spin c structure s determines a split, rank-two,
These split bundles, E , in turn define families of reducible PU(2) monopoles.
The vector bundle E defines reducible PU(2) monopoles in some level of M W,E only if p 1 (su(E )) ≥ p 1 (su(E)), in which case they would be contained in the level ∈ Z ≥0 , where
Let us first consider the case > 0, so the corresponding reducible solutions to the PU(2) monopole equations lie in the level M W,E − × Sym (X) of the Uhlenbeck compactification
where E − is a Hermitian, rank-two vector bundle over X with c 1 (E ) = c 1 (E) and c 2 (
, where Σ ⊂ Sym (X) is a smooth stratum, have codimension greater than or equal to 2 . For z ∈ A(X), a geometric representativē
is defined in [6] . It is shown in [6] that this geometric representative intersects the lower levels ofM W,E in a set with codimension deg(z) except at the reducible points. There is also a geometric representativeW (x n c 1 ) ⊂M W,E which has codimension 2n c 1 on the complement of the reducible and zero-section points. The formula in [6, Theorem 3. The gluing theorems of [8] , [9] provide a sufficiently explicit description of a neighborhood of the family (3.4) that we can define their link inM W,E , which we denote by L W,E,L 1 . Given the results of [8] , [9] , the formula of [6, Theorem 3.33] can then be replaced by
This is a sum over the finite set of spin c structures s = s 0 ⊗ L 1 with a nonempty SW moduli space M sw s , defining reducible PU(2) monopoles contained in M W,E . The definition of the links L W,E,L 1 and the proof that the intersection numbers in Equation (3.5) are well-defined appears in [9] . If we assume the following conjecture, the sum in Equation (3.5) can be reduced to a sum over spin c structures s with SW X (s) = 0.
Conjecture 3.1. Let X be a closed, oriented, smooth four-manifold with b
appearing in the right-hand side of Equation (3.5) is a multiple of SW X (s) and thus vanishes if SW X (s) = 0.
For reducible PU(2) monopoles contained in the top level, Conjecture 3.1 follows immediately from Theorem 1.1 in [6] and, when = 1, from unpublished work of the first and third author [10] . To appreciate why the conjecture should hold more generally, recall that the construction in [8] with SW X (s) = 0 may or may not be empty, depending on the choice of perturbations, and -except for some special cases [21] -it appears very difficult to choose perturbations in such a way that those moduli spaces would be empty; moreover, the perturbations of the Seiberg-Witten equations arising as reductions of PU(2) monopole equations are constrained by the choice of perturbations in the latter equations [1] , [5] , [6] .
Comparing indices and degrees.
Continue the notation of §3.1. To apply Theorem 1.1 in [6] , given Conjecture 3.1, we need to check that the following conditions are obeyed:
• The spin c structures s with non-zero Seiberg-Witten invariants define reducible PU (2) We now show how these conditions are equivalent to the constraints on δ, r(Λ) and i(Λ) in the hypotheses of Theorem 2.1.
Proof that Theorem 1.1 in [6] and Conjecture 3.1 implies Theorem 2.1. For s ∈ S, let s (and the choice of W + ) define a Hermitian, rank-two vector bundle E with c 1 (E ) = c 1 (E), as in §3.1. We have c 1 (s) 2 = 2χ(X) + 3σ(X) by Equation (1.3) (since X has SW-simple type) and c 1 (s) · Λ = 0 (by choice of Λ), so the formula (3.2) for p 1 (su(E )) gives
By the definition (3.3) of , the identity (3.1) for δ (with p = p 1 (su(E))), and the definition (2.3) of r(Λ), we have
Note that in arriving at the formula for (δ, Λ), we only used the facts that c 1 (s) 2 = 2χ(X) + 3σ(X) and c 1 (s) · Λ = 0, for s ∈ S(X): thus if any one SWbasic class c 1 (s) defines a reducible in the level ofM W,E , then all the reducibles associated to SW-basic classes are contained in this level.
The second condition necessary to apply [6, Theorem 1.1] is that the index of the Dirac operator, D A , be positive. Using the identity (3.6) and the identity In Equation (2.5) of Theorem 2.1, which asserts the vanishing of Donaldson invariants through certain degrees, one only needs the more elementary Theorem 3.33 from [6] -as it is not necessary to evaluate the pairings on the right-handside -rather than the more difficult Theorem 1.1 from [6] which is needed to compute the formula (2.6) for Donaldson invariants.
Without the assumption that X have SW-simple type, we could at best write 
